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Parameterized frameworks for modified gravity are potentially useful tools for model-independent
tests of General Relativity on cosmological scales. The toy model of an Einstein-de Sitter (EdS)
universe provides a safe testbed in which to improve our understanding of their behaviour. We
implement a mathematically consistent parameterization at the level of the field equations, and use
this to calculate the evolution of perturbations in an EdS scenario. Our parameterization explicitly
allows for new scalar degrees of freedom, and we compare this to theories in which the only degrees
of freedom come from the metric and ordinary matter. The impact on the Integrated Sachs-Wolfe
effect and canonically-conserved superhorizon perturbations is considered.
I. INTRODUCTION
A successful theory of modified gravity has proved hard
to find. Most theories begin by postulating new physi-
cal principles, for example, the existence of fundamental
fields with certain symmetry properties [1] or additional
dimensions [2, 3]; see [4, 5] for comprehensive surveys
of the current literature. By introducing such principles
on which to base a theory we are immediately select-
ing specific directions in theory space to investigate. An
alternative approach is to cautiously explore outwards
from the corner of theory space that we understand best,
that is, General Relativity (GR). One way to implement
this strategy is to construct a parameterized framework
that allows for small deviations from GR in a cosmolog-
ical context, akin to the Parameterized Post-Newtonian
framework that has been used to test GR extensively
within the Solar System [6–9].
In order to extract maximum benefit from this ap-
proach we need to develop a sense of how the parameters
we use impact the growth of structure. Historically, our
theories of structure formation have been developed using
matter-dominated cosmological models [10–14]. Though
not appropriate for realistic calculations, a toy Einstein-
de Sitter (EdS) cosmology remains an immensely useful
testing ground for new theories; here, we can gain a qual-
itative understanding of perturbation evolution whilst
our knowledge of the background expansion remains on
a firm footing. Therefore, maintaining the principle of
caution advertised above, we will consider the effects of
parameterized gravity on an EdS universe (which con-
tains pressureless matter only). This will be an excellent
approximation to the matter epoch of the real universe,
and has the added advantage that analytic solutions are
achievable in some cases due to the simple properties of
pressureless matter.
Despite the wide variety of modified gravity theories
present in the literature, a survey of field equations re-
veals some common features. In many theories the grav-
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itational constant appearing in the Poisson equation ac-
quires a time-dependence and/or scale-dependence [15],
and the Newtonian gravitational potential Ψ and curva-
ture perturbation Φ (in the conformal Newtonian gauge)
are not equal as they are in GR. Parameterized frame-
works for modified gravity are usually constructed to in-
corporate such properties. We can ask what typical ef-
fects these generic features might have on observables:
for example, in addition to affecting the growth rate of
structure, distortion of gravitational potentials will im-
print secondary anisotropies on the CMB. However, we
will assume that modifications to GR must be negligi-
ble at very early times, to avoid significantly impacting
the primary CMB and the sensitive reaction rates of Big
Bang Nucleosynthesis [16–18]; see [19] for consideration
of scalar-field models that are non-negligible at the time
of recombination.
This paper investigates the evolution of cosmologi-
cal perturbations in the parameterized framework imple-
mented in [20–23], for an EdS background. §II intro-
duces the necessary formalism in the context of theories
that are constructed purely from metric quantities. In
§III we use this framework to calculate the evolution of
density perturbations on intermediate and large scales.
Two other quantities of interest are also calculated: the
growth function f(z), and the Integrated Sachs-Wolfe ef-
fect that is induced in such gravity theories (note that
this is not the same as the late-time Integrated Sachs-
Wolfe effect that occurs in a Λ-dominated era).
In §IV we take the first steps towards implementing
a similar treatment of gravitational theories that intro-
duce additional scalar degrees of freedom. New degrees of
freedom cause a significant increase in complexity which
renders a general, model-independent calculation almost
impossible, at least analytically. We will implement a
parameterized effective fluid approach known as ‘Gener-
alized Dark Matter’ (GDM) [24] to facilitate the treat-
ment of these additional scalars, and consider the case
in which the effective fluid has a negligible equation of
state. This approximation excludes some classes of the-
ories from our analysis, such as f(R) gravity, but is ap-
plicable in other cases; we drop the restriction again in
§V . In §V we consider a perturbation that is conserved
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2on super-horizon scales in GR, and ask under what con-
ditions this fact remains true in parameterized modified
gravity. The conclusions of this work are presented in
§VI.
The purpose of this paper is to develop an understand-
ing of parameterized gravity, not to pursue accurate cal-
culations for the real universe. Hence the plots and trial
parameter values used here are intended to be illustrative
rather than realistic.
II. PARAMETERIZATION OF METRIC-ONLY
GRAVITY THEORIES
No standard parameterization of modified gravity cur-
rently exists. A common choice is to introduce a free
function that describes any time- or scale-variation of the
gravitational constant in the Poisson equation [25–30]:
−2k2Φ = κa2µ(a, k) ρ∆ (1)
where κ = 8piG0, G0 is the canonical value of New-
ton’s gravitational constant, ∆ = δ + 3Hθ is a comov-
ing gauge-invariant density perturbation and θ is the ve-
locity potential of a fluid defined by vi = ∇iθ. Often a
second free function is used to describe the ratio of the
two conformal Newtonian potentials, η(a, k) = Φ/Ψ. By
redefining ζ = (1− 1/η) this can be rewritten:
Φ−Ψ = ζ(a, k)Φ (2)
The arguments of the ‘modified gravity functions’
(MGFs) µ and ζ will be suppressed hereafter. We will
call this form of the slip relation parameterization B. In
[22] it was argued that a parameterization of this type is
only applicable in the quasistatic regime, and that in the
case of purely metric theories it implicitly corresponds
to higher-derivative theories. This is true if one assumes
that eqn.(2) is an exact ‘template’ for the slip relation
of a modified gravity theory, which means that ζ can
only be a function of homogeneous background quanti-
ties. If instead one is prepared to let ζ be a function
of non-homogeneous environmental variables and initial
conditions then the slip relation may not necessarily im-
ply a higher-derivative theory; it becomes impossible to
ascertain the derivative order of the theories being pa-
rameterized without further information [31].
In [22] an alternative format was suggested, in which
the order of derivatives in the field equations is made
explicit. In this alternative parameterization a metric
theory with a ΛCDM background incurs extra constraint
equations (see Table I in the appendix), which force the
slip relation to be [20, 21]:
Φ−Ψ = ζΦ + (µ− 1)Hµ Φ˙ (3)
This slip relation will be termed parameterization A. The
key feature to note here is that in parameterization A the
MGF µ appears in both the Poisson and slip equations,
unlike parameterization B. This apparently small differ-
ence leads to some degree of ambiguity in the interpreta-
tion of current constraints on the MGFs [23].
However, the purpose of this paper is not to discuss
the subtleties of parameterization choice at length; we
wish to keep our results as general as possible. We can
treat both of the parameterizations simultaneously by
adopting the following Poisson and slip equations:
− 2k2Φ = κa2µP ρM∆M (4)
Φ−Ψ = ζΦ + µs − 1Hµs Φ˙ (5)
To recover parameterization B we set µs = 1 but keep µP
general. To recover parameterization A we set µs = µP .
Note that µs is related to the function g˜ in [22] by
µs = (1− g˜)−1. Throughout this section we will some-
times leave results expressed in terms of the three func-
tions µP , µs and ζ. We wish to emphasize from the out-
set that there are only really two independent functions,
and all expressions should be evaluated in either the A-
type or B-type instance. We write our expressions in this
general format because can be instructive to see whether
the modified terms have their origin in the Poisson equa-
tion (indicated by the presence of µP ) or the slip relation
(indicated by µs and ζ).
What theories map onto equations (4) and (5)? The
answer is ‘very few’, which is a cause for concern given
that the above forms are often used to obtain constraints
on modified gravity from current data. To map exactly
onto these parameterizations a theory must stem from
an action that is constructed only from curvature invari-
ants and leads to fields equations that contain at most
second- or third-order time derivatives (for parameteri-
zations A and B respectively). By the immense power of
Lovelock’s theorem [32, 33] such a theory can only differ
from GR if it introduces either nonlocality or spacetimes
of dimension greater than four. This is a very restricted
class of theories, though examples do exist [34–36].
The limitations described above can be relaxed if one
is satisfied with an approximate correspondence between
theories and parameterization, rather than an exact one.
For example, it is frequently assumed that the perturbed
Einstein equations will retain the form of eqns.(1) and
(2) in theories with additional scalar degrees of freedom.
This cannot be exactly true; any new scalar coupled to
gravity will modify the zeroth-order Einstein equations
in some way, and we expect to see perturbations of the
new field appearing in the linearized Einstein equations.
However, the form of eqns.(1) and (2) is retained within a
limited range of distance scales for some theories [22, 37–
40].
To avoid such approximations we will proceed by tak-
ing eqns.(4) and (5) at ‘face value’, i.e. assuming that
there are no new scalar degrees of freedom hidden be-
hind them. This is the assumption that is implicitly be-
ing made if equations such as (1) and (2) are implemented
in an Einstein-Boltzmann solver [28, 41–43] and used to
3generate ISW and matter power spectra. In §IV we will
introduce an extended parameterization that attempts to
account for the additional scalars explicitly.
III. DENSITY PERTURBATIONS
In this section we will consider how the growth of cold
dark matter (CDM) density perturbations in an EdS uni-
verse is influenced by the MGFs. This is a model for the
matter-dominated epoch of the real universe. The growth
of structure during an epoch in which dark energy is also
relevant was investigated in [21], using a specific ansatz
for µP and ζ.
We will assume that any time-variation of the MGFs
during the matter-dominated epoch must be very small
in order to prevent them from evolving to a region of
parameter space that would cause conflict with observa-
tions. This is not guaranteed, for example, in [23] we
found that cancellations between MGFs can lead to ob-
servables very close to the predictions of ΛCDM. Hence
even very radical departures from GR can be accommo-
dated by current data in finely-tuned situations; how-
ever, for the purposes of this paper we will assume that
our present universe does not correspond to such a case.
We will therefore take the time derivatives of µP , µs and
ζ to be negligible in comparison to the rate of evolution
of other variables. We intend to relax this restriction in
future work.
Although we are neglecting their time-dependence, µP
and ζ may still contain scale-dependence. They are di-
mensionless functions, but scale-dependence can appear
as a ratio to some special scale that arises in a given the-
ory, i.e. k/k∗. An example of such a privileged scale is
the Compton wavelength of the scalaron in f(R) gravity
[44].
The fluid conservation equations for CDM energy den-
sity and momentum perturbations are given by:
δ˙M = −k2θM + 3Φ˙ (6)
θ˙M = −HθM + Ψ (7)
where θM is the velocity potential. Differentiating
eqn.(6) and combining with eqn.(7) leads to a second-
order equation for δM :
δ¨M +Hδ˙M − 3Φ¨− 3HΦ˙ + k2Ψ = 0 (8)
This is the same as found in GR. However, differences
from GR arise when we use a non-trivial slip relation to
eliminate Ψ. Substituting eqn.(5) into eqn.(8):
δ¨M+Hδ˙M−3Φ¨−3HΦ˙
[
1 +
k2
3H2
(
µs − 1
µs
)]
+k2(1−ζ)Φ = 0
(9)
Before studying the behaviour of this equation it is useful
to delineate a hierarchy of distance scales:
1. The nonlinear scale on which clusters and galaxies
form.
2. The quasistatic scale on which time derivatives of
perturbations can be neglected in comparison to
their spatial derivatives.
3. Larger scales on which the above approximation is
no longer valid, but are still well within the horizon.
4. Scales that are greater than our observable horizon.
We will consider the solutions of eqn.(9) in regions 3 and
4. In fact it is possible to derive a single equation for
Φ that is valid in both regions 3 and 4, and then use
the Poisson equation to relate its solutions to δM (we
thank C. Skordis for pointing this out). We will use an
equivalent method that is simpler but a little less elegant.
A. Subhorizon scales
In region 3 described above we can approximate
H/k  1 and ∆M ≈ δM since |θM | ∼ |vM |/|k| is small.
We use derivatives of eqn.(4) to eliminate Φ from eqn.(9):
δ¨M +Hδ˙M
[
1 +
3
2
µP
(µs − 1)
µs
]
(10)
−3
2
H2µP δM
[
1− ζ + (µs − 1)
µs
]
= 0
where we have used the result H˙ = − 12H2 in an EdS
universe. Writing the solutions of this equation in the
form
δM = N
+ a
n+
2 +N− a
n−
2 (11)
where N+ and N− are constants and the power-law in-
dices are:
n± = −1
2
(
1 + 3µP
(µs − 1)
µs
)
(12)
±1
2
[
9
µ2P
µ2s
(µs − 1)2 − 30µP
µs
+ 6µP (9− 4ζ) + 1
] 1
2
In parameterization A this reduces to
n±A =
(
1− 3
2
µ
)
± 1
2
√
9µ2 + 12µ(3− 2ζ)− 20 (13)
whereas in parameterization B it becomes
n±B = −
1
2
± 1
2
√
1 + 24µP (1− ζ) (14)
It can be verified that in the limit µs = µP = 1 and
ζ = 0 eqn.(12) recovers the GR result δM ∝ a. We can
see immediately that in both parameterizations there is
a term −24µP ζ that leads to degeneracy between the ef-
fects of the individual MGFs. Note that ζ only appears
4within this degenerate combination, so it cannot signif-
icantly impact growth if µP is small. We note that if a
µ-like MGF is implemented in the Poisson equation for
Ψ instead of Φ then this degeneracy does not arise in the
parameterization B case [28, 39, 42].
When n± are imaginary the solutions for δM are
damped oscillations. However, since our calculation has
neglected the effects of baryons or radiation this oscil-
latory behaviour simply indicates unphysical solutions
rather than anything meaningful. To have at least one
growing mode we need n+ to be positive, for which the
relevant condition is:
µs(2− ζ) > 1 (15)
We expect that an approximate version of this bound
should be obeyed in the real universe, in order to repro-
duce the observed matter power spectrum - see §III C.
However, in the real universe the hard bound of eqn.(15)
will be softened by contributions to growth from the ra-
diation and Λ-dominated eras. Note that there is no re-
striction that prevents ζ from adopting negative values.
We wish to understand the physical mechanisms
through which the MGFs are exerting their influence on
small scales. We can get a feel for this by thinking about
eqn.(11) in the context of a simple mechanical system.
The last term on the righthand side represents a time-
dependent forcing that drives the collapse of density per-
turbations. The δ˙M term is analogous to a frictional
force, which in familiar physical situations always acts to
oppose motion; its magnitude decreases with time due to
the factor of H. Since we are parameterizing around a
ΛCDM background the evolution of H is unaffected by
the MGFs, and hence cannot be contributing to devia-
tions from GR.
The overall magnitude of the driving term is controlled
by µP . This intuitively makes sense – if we increase
the gravitational coupling strength then we expect struc-
tures to collapse faster. Less intuitive is the appearance
of µs and ζ in the driving term, which have the abil-
ity to change its sign. We will assume throughout that
µP , µs > 0 always to maintain agreement with our phys-
ical notion of attractive gravity, but note that there is no
such restriction on ζ. The condition for the driving force
to maintain the same direction as it has in GR is exactly
eqn.(15). It is interesting to see that in parameterization
A µs and ζ can have counteracting effects on the driv-
ing term. Qualitatively, a negative ζ-value with large
magnitude enables one to weaken µP considerably whilst
maintaining growth during a matter-dominated epoch. If
parameterization B is adopted this effect does not exist
because the modification to the Poisson equation has no
influence on the sign of the driving term.
The friction term has a somewhat simpler behaviour,
as it is unaffected by ζ. In parameterization B the fric-
tion is unchanged from GR, but in parameterization A
µ = µP = µs has the power to enhance or suppress fric-
tion effects. A value of µ > 1 acts to increase friction, but
simultaneously strengthens the driving term that drives
perturbations to collapse. One expects that some degree
of cancellation between these two effects may be possible,
even without the extra freedom provided by ζ.
B. Superhorizon scales
On large scales we ought not to make the approxima-
tion ∆M ≈ δM , as the magnitude of the velocity potential
is not negligible. We will adopt a different strategy, us-
ing the linearized Friedmann equation to solve for Φ as
a proxy for δM .
We first adopt a phenomenological approach (in the
spirit of parameterization B), and assume that Newton’s
constant is identically modified in all perturbed field
equations. We then have (neglecting a small term pro-
portional to k2) :
−H(Φ˙ +HΨ) = κa
2
6
ρMµP δM =
H2
2
µP δM (16)
Differentiating, and using that δ˙M ≈ 3Φ˙ on large scales
(from eqn.(6)):
Φ¨ +
H
2
(1 + 3µP )Φ˙ +HΨ˙ = 0 (17)
Using the slip relation (eqn.(5)):
Φ¨ + Φ˙
H
2
[3 + 3µP − 2ζ] = 0 (18)
The power-law solutions are Φ ∝ ap± , with p+ = 0 and
p− = (2ζ − 2− 3µP ). On these scales δM follows the be-
haviour of Φ up to a constant offset, which can be set
to zero by initial conditions. So the dominant mode –
constant potential outside the horizon and δM frozen –
is the same as in GR. However, the decaying mode is
affected by the MGFs. For ζ = 0, increasing µP will
result in faster decay. This seems somewhat counter-
intuitive, since one would usually associate an increase
in gravitational strength with reduced decay of overden-
sities. However, since we are working on superhorizon
scales gauge issues may invalidate our physical notions
of gravitational growth and decay.
In parameterization A the linearized Friedmann equa-
tion is
−6H(Φ˙ +HΨ) = κa2ρMδM +A0k2Φ (19)
where
A0 = −2
(
µP − 1
µP
)(
1 +
H2
Q
)
+ 2ζ
H2
Q
with Q = H2 + k
2
3
− H˙
The derivation of the above expression is described in
appendix B.
Note that µP does not feature explicitly in eqn.(19).
Newton’s constant is not modified directly – instead
5FIG. 1: Joint constraints on the slip parameter ζ and µP
at z = 0, for parameterization A (black lines) and B (filled
green). In both cases 68% and 95% contours are shown.
one considers all possible additional terms that could
appear in the linearized Einstein equations, which can
be determined up to a dimensionless function of back-
ground quantities . In the case of second-order metric-
only theory the only terms that can be added to the
linearized Friedmann and ‘0i’ equations are proportional
to Φ, which can be absorbed into an effective Newton’s
constant.
On very large scales limk→0(k2A0) = 0, so we can ne-
glect the extra term on the RHS of eq.(19). Repeating
the steps we took for the parameterization B-like case we
obtain p+ = 0, p− = µP (2ζ − 5). The values of p− in
the two parameterizations converge as one tends to the
GR limit, as of course they must.
However, the decaying mode is not hugely interesting
as it is unobservable (unless there are some very radi-
cal modifications to GR involved). The important result
here is that the potential remains constant on superhori-
zon scales, as usual.
C. Connection to Constraints
To what extent are our results for an idealized EdS
model borne out in the real universe? Fig.1 shows the
joint constraints on the MGFs µP and ζ obtained us-
ing the following data sets: the 7-year WMAP CMB
data [45], the SDSS DR7 matter power spectrum [46],
a prior H0 = 73.8± 2.4 [47], the BBN constraint Ωbh2 =
0.022 ± 0.002 [48], and the Union2 Supernova Ia data
[49]. The differences between the two sets of contours
were discussed in detail in [23]. Here our main interest
is the extent to which the constraints reflect the analytic
solutions of the previous two subsections.
Given the restriction that µs must be positive, eqn.(15)
tells us to expect that ζ < 2 on subhorizon scales in pa-
rameterization A. For ζ = 0 we must have µP = µs > 1/2
for density perturbations to grow during the matter era,
which corresponds to the approximate location of the
near-vertical black contour. This contour is not the re-
sult of any artificially-imposed boundary, but delineates
a very sharp fall-off in the likelihood distribution for µP
(see figure 6 of [23]). In contrast, in parameterization
B any µP > 0 permits growing modes for ζ = 0, giv-
ing rise to the more gradual fall-off shown by the shaded
countours.
However, eqn.(15) also implies that in parameteriza-
tion B ζ < 1 is necessary for growth of CDM density per-
turbations on subhorizon scales, which is contradicted by
Fig.1. This is not too surprising – we expect the simple
bounds implied by our EdS example to be blurred by the
complexities of a realistic cosmological model. If models
in the region of parameter space ζ > 1 experience suffi-
cient growth during radiation- and Λ-dominated epochs,
or on scales outside the validity of eqn.(14), then they
will not be excluded by an MCMC analysis.
The degeneracy between µP and ζ is visible in both
contour sets, but it is more pronounced in parameter-
ization B. This is because in parameterization A the
quadratic term in eqn.(13) makes it more difficult to ac-
commodate the effects of a large µP with a small ζ, or
vice-versa.
D. Other Growth Observables
Integrated Sachs-Wolfe Effect
A cosmological model governed by GR will not experi-
ence an Integrated Sachs-Wolfe (ISW) effect [50] during
a matter-dominated epoch. The kernel of interest for the
ISW effect is Φ˙ + Ψ˙ (in the conformal Newtonian gauge),
which in GR is equal to 2Φ˙. From the standard Poisson
equation one has, on scales well below the horizon:
Φ ∝ a2ρMδM (20)
Energy-momentum conservation gives ρM ∝ a−3, whilst
in GR δM ∝ a, leaving Φ with zero time-dependence.
The situation only changes for z . 0.5 when Λ begins to
suppress the growth rate of δM [51].
In modified gravity this behaviour is affected in two
ways: a non-trivial slip relation will cause the ISW ker-
nel to differ from 2Φ˙, and the scaling of δM with a will
be altered. Then generically we expect a non-zero ISW
effect, even during a matter-dominated phase of the uni-
verse [52, 53]. We will calculate the contribution to the
CMB temperature power spectrum of this effect for the
metric theories discussed in §III.
We begin by using the slip relation (eqn.(5)) to express
6the ISW kernel purely in terms of Φ:
Φ˙ + Ψ˙ =
1
2
Φ˙
[
3− 2ζ + 1
µs
]
− Φ¨
(
µs − 1
Hµs
)
(21)
Using the Poisson equation to connect Φ and δM , we have
(discarding the decaying mode):
Φ = M(k)η(n
+−2)
where M(k) = −κδM,0(k)µP ρM,0
2k2
n+ is given by eqn.(12) and density perturba-
tions are normalised by their present values i.e.
δM (k, η) = δM,0(k) η
n+ . Generally one expects the
growth rate of density perturbations to be scale-
dependent in a modified gravity theory, whereas in GR
all linear subhorizon modes grow at the same rate. How-
ever, we are modelling a region of theory space close to
GR and hence we will assume negligible variation of the
growth rate over the range of k relevant to observations
of the ISW plateau.
So the ISW kernel is:
Φ˙ + Ψ˙ =
M(k)
2
(n+ − 2)η(n+−3) ×[
6− n+ − 2ζ + 1
µs
(n+ − 2)
]
(22)
Note that in the GR limit n+ = 2 the above expression
vanishes as expected.
Next we need to compute the power spectrum of this
modified-gravity induced ISW effect. The expression to
be evaluated is:
Cl =
2
pi
∫ ∞
0
dk k2P (k)
∣∣∣ Θl(k)
δM,0(k)
∣∣∣2 (23)
The temperature perturbation observed today, Θl(k, η0),
consists of three parts:
Θ(k, η0) = monopole term + dipole term (24)
+
∫ η0
0
dη e−τ
[
Φ˙(k, η) + Ψ˙(k, η)
]
jl[k(η0 − η)]
Let us focus on the dominant contribution to the ISW
power spectrum which comes from the (Φ˙+Ψ˙)2 term, and
ignore the cross terms with the monopole and dipole. The
cross-terms should only yield small corrections because
the monopole and dipole terms are evaluated at the time
of last scattering, and hence affect different l-values from
the subsequent ISW effect. We will take the visibility
function e−τ to be a step function at recombination. Of
course, if we are considering a truly EdS universe then
there is no recombination event or time of last scattering,
but this detail is irrelevant – we are only interested in
modelling the real universe well after recombination. In
the real universe recombination occurs sufficiently early
that for practical purposes we can take ηrec ≈ 0.
A standard derivation relates the power spectrum of
density fluctuations today to the power spectrum of the
FIG. 2: Low-l power spectrum of the ISW effect induced by
a theory of modified gravity constructed in parameterization
A (see §II for details). The y-axis scaling is arbitrary. The
region l . 10 is expected to be subject to corrections.
primordial potential [54]. The only modification to this
that occurs in our theory is a factor of µ−2P , which arises
when we relate density fluctuations to Φ via the Poisson
equation. However, this is cancelled by a factor of µ2P in
M(k). The scales of interest to us are sufficiently large
that we can set the transfer function T (k) ∼ 1. Then,
for a Harrison-Zel’dovich spectrum we find
CISW,sql =
9pi
4
(n+ − 2)2
(
6− n+ − 2ζ + 1
µs
(n+ − 2)
)2
δ2H
×
∫ ∞
0
dk
k
[∫ η0
0
η(n
+−3)jl[k(η0 − η)] dη
]2
(25)
where δH is the amplitude of primordial perturbations
at horizon-crossing during a single-field slow-roll inflation
scenario. The superscript ‘sq’ on Cl reminds us that we
have only evaluated the ISW-squared term and not the
cross-terms.
A plot of this power spectrum for several combinations
of µ and ζ in parameterization A is shown in Fig.2. The
normalization of the y-axis is arbitrary because we have
not attempted an accurate calculation of the Cls; we are
more interested in how the shape and amplitude of the
power spectrum is affected by different parameters. Note
that our subhorizon solution for Φ is likely to become
invalid for the largest scales, hence the region l . 10 in
Fig.2 is not fully accurate.
Provided that µP is not unusually small, ζ can have
a significant effect on the amplitude of the power spec-
trum. For example, compare the curves with {µP , ζ}
equal to {1,−0.25} and {2, 0} – a small change in ζ domi-
nates over a large change in µP . The models {2.0,−0.25}
and {3.0, 0.0} have the same value of n+, and hence the
7same spectral shape. It may seem a little surprising that
a model with parameters {1.0,−0.25} predicts a larger
ISW effect than one with {2.0,−0.25} for l > 6; this is
because a larger value of n+ shifts the dominant contri-
bution to the integral in eqn.(25) to later times, therefore
shifting the corresponding power spectrum left towards
larger scales.
In general, however, it is difficult to cleanly disentan-
gle the effects of µP and ζ on the ISW power spectrum,
because they appear in a degenerate combination inside
n+.
Growth Function
The rate of growth of structure as a function of redshift
is often quantified via the growth function:
f(z) =
d ln ∆M
d ln a
(26)
In GR f(z) is independent of the wavenumber k, but
in a modified gravity scenario this is not generally the
case. However, if we assume we are not dealing with very
radical departures from GR then this scale-dependence
is likely to be small over a restricted range of k. On the
scales of region 3 (see the beginning of this section) where
∆M ∼ δM , the growth function is simply f(z) = n+2 ,
where n+ is given by eqn.(12).
IV. THEORIES WITH ADDITIONAL DEGREES
OF FREEDOM
Many gravity theories introduce degrees of freedom
(d.o.f.) other than perturbations of the metric – addi-
tional scalar or vector fields, second metrics, or any com-
bination thereof [4]. For model-independent constraints
to be genuinely feasible we need to construct a param-
eterization that is able to accommodate such d.o.f. In
this paper we will restrict ourselves to scalar d.o.f. only,
which find widespread motivation from particle physics,
braneworld models and string theory.
In §II the parameterization-A-based approach was to
add to each linearized Einstein equation all possible
terms that could appear in the context of a metric-based
second-order theory, which amounted to terms in Φ and
Φ˙ multiplied by some function of background quantities
(see appendix B). When we extend this framework to in-
clude extra d.o.f. two new types of terms appear. Firstly
we must allow for perturbations of the d.o.f themselves
– for example, in a Brans-Dicke theory [55] one expects
the perturbations of the scalar field δφ, δφ˙ and δφ¨. Such
new scalars are awkward to work with directly without
knowing their underlying equations of motion. Therefore
we will adopt an alternative approach based on a scheme
by Hu [24] and treat this first type of additional term as
perturbations of an effective fluid. A similar approach
was adopted in [56, 57].
In a fully general case one should allow the effec-
tive fluid to have a time-varying equation of state, non-
adiabatic perturbations and significant anisotropic stress.
This would render our simple EdS model invalid by
modifying the evolution of the cosmological background.
To proceed with our analytic treatment we will sacri-
fice some generality by setting the equation of state of
the effective fluid to zero. It then contributes to the
zeroth-order Friedmann equation and supports density
and velocity perturbations, but has negligible pressure
and anisotropic stress.
This approximation is not unreasonable; for example,
in Horˇava-Lifshitz gravity [58, 59] a non-local Hamilto-
nian constraint gives rise to an integration constant which
may be interpreted as a pressureless fluid. The additions
to the Einstein equations in linear Einstein-Aether the-
ory also behave as a pressureless fluid during an EdS
phase, as can be seen using eqns.(15) and (16) of [60].
The effective fluid of Eddington-Born-Infeld gravity can
experience a CDM-like phase too [61]. However, making
this restriction does exclude some important classes of
theories, such as f(R) gravity, except for special choices
of f(R).
The second type of new term that arises when extra
d.o.f. are included is the following combination of metric
potentials:
Γ =
1
k
(
Φ˙ +HΨ
)
(27)
In this paper we are working in the conformal Newto-
nian gauge, but the parameterization we are using is
constructed using gauge-invariant quantities – see [62]
for details. In the gauge-invariant formalism Φ and Ψ
are replaced by the Bardeen potentials −ΨH and ΦA.
If the background equations are fixed to be ΛCDM, as
in §III, then the gauge-invariant version of Γ cannot ap-
pear in the linearized field equations because it intro-
duces higher-order time derivatives of the scale factor.
However, when new d.o.f. are added these unwanted time
derivatives can be cancelled by perturbation of the new
scalar. This somewhat technical point was demonstrated
explicitly for scalar-tensor theories in appendix B of [22].
Concretely, then, we write the Einstein equation in the
form:
Gµν = 8piG0a
2 Tµν + a
2Uµν (28)
where the tensor Uµν contains all the non-standard terms
arising from a theory of modified gravity. At the per-
turbed level the components of δUµν are then given by
(in Fourier space):
U∆ = A0k
2Φ + F0k
2Γ + κa2ρEδE
UΘ = B0kΦ + I0kΓ + κa
2ρEθE
UP = C0k
2Φ + C1kΦ˙ + J0k
2Γ + J1kΓ˙
UΣ = D0Φ +
D1
k
Φ˙ +K0Γ +
K1
k
Γ˙ (29)
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U∆ = −a2δU00 , ~∇iUΘ = −a2δU0i
UP = a
2δU ii , DijUΣ = a
2(δU ij −
1
3
δUkk δ
i
j) (30)
The coefficients A0, . . .K1 above are functions of back-
ground quantities, dependencies which we will suppress
to avoid cluttered expressions. A subscript E denotes
the quantities relating to the effective fluid. The expres-
sions above contain fewer terms than the corresponding
ones in [22]; the additional metric terms present in that
paper are those needed to form a gauge-invariant com-
bination with perturbations of the new scalar. Here we
have kept those terms folded into the effective fluid so
that the correspondence with δUµν in a general gauge is
clearer.
The system to be solved then comprises of the six vari-
ables {Φ,Γ, δE , θE , δM , θM} and six dynamical equations:
the two spatial components of the linearized Einstein
equation and two fluid conservation equations for each
of CDM and the effective fluid (equivalent to Bianchi
identities). Note that because δUµν contains additional
metric perturbations the conservation equations of the ef-
fective fluid will contain some non-standard terms. The
full system of equations is displayed in appendix A.
Γ can be eliminated from the two spatial Einstein equa-
tions to give a second-order equation in terms of Φ:
Φ¨ + Φ˙
[
α˙
α
− W˙1
W1
+ k
W2
α
+
kZ1
α
]
(31)
+
k
α
Φ
[
W˙2 − W˙1W2
W1
+ k
W2Z1
α
− kW1Z2
α
]
= 0
where Hk = H/k and
α =
(
D1 − 1Hk
)
(J1 − 6) +K1
(
9Hk − C1 + 2Hk
)
W1 = K1
(
3Hk − J0 − 2Hk
)
+ (J1 − 6)
(
K0 +
1
Hk
)
W2 = (J1 − 6)(D0 − 1) +K1(2− C0)
Z1 =
(
1
Hk −D1
)(
3Hk − J0 − 2Hk
)
+
(
1
Hk +K0
)(
9Hk − C1 + 2Hk
)
Z2 = (2− C0)
(
1
Hk −D1
)
+ (D0 − 1)
(
9Hk − C1 + 2Hk
)
We have assumed that time derivatives of the MGFs are
negligible, consistent with our treatment of metric-only
theories. If we set the MGFs to zero the third term van-
ishes and we recover the GR result Φ = constant. Modi-
fications to the Poisson equation mean that the solution
for Φ is not as easily translated into a solution for δM as
it is in GR. One route is to substitute the solution for Φ
into either of eqns.(A1) or (A2) and solve for Γ, then use
both of these solutions in eqn.(8) – see appendix C for
an explicit calculation.
We wish to consider eqn.(31) on superhorizon and sub-
horizon scales, as we did in §III. However, there is some
uncertainty involved in taking this limit without know-
ing specifically the functional forms hiding behind the
MGFs. We will assume that any scale-dependence ap-
pears relative to some preferred scale of a given theory,
i.e. as a function of (k/k∗).
A. Subhorizon Scales
Under the assumptions stated above, and retaining
only the dominant terms when expanded in powers of
(k/H), on subhorizon scales eqn.(31) reduces to:
Φ¨+
(2D1 − C1 + 2K0 − J0)
(6− J1 + 2K1) kΦ˙+
(2D0 − C0)
(6− J1 + 2K1)k
2Φ = 0
(32)
With the change of variable x = kη the above equation
can be rewritten (using primes to denote derivatives with
respect to x):
Φ′′ +
β
γ
Φ′ +
(2D0 − C0)
γ
Φ = 0 (33)
where β = (2D1 − C1 + 2K0 − J0), γ = 6− J1 + 2K1.
Without taking specific forms of the MGFs we cannot
say whether the coefficients of the second and third terms
above are positive or negative, only that sufficiently large
modifications to gravity have the power to flip their signs
(although the magnitude of such non-GR terms is ex-
pected to be small in the domain of validity of this equa-
tion). However, one might expect (2D0 − C0)/γ > 0 and
β/γ > 0 so that changes in Φ damp out (and therefore
return to the GR-like situation) rather than grow.
Eqn.(33) has the form of a simple mechanical oscilla-
tor, and will display the usual phenomena of ringing or
over-damping depending on the values of the coefficients.
Specifically, its behaviour will depend on the value of
β2/γ − 8D0 + 4C0, with negative values of this quantity
leading to damped oscillations in Φ(x) and positive val-
ues leading to exponentially growing and decaying solu-
tions. Let us apply the single boundary condition that
the potential is constant on superhorizon scales; we will
see shortly that this is likely to remain true in theories
with extra d.o.f. We can then determine the subhorizon
solution up to an overall constant:
Φ(x) ∝ em+x − m+
m−
e(m+−m−)em−x (34)
where m± = − β
2γ
±
√(
β
γ
)2
− 4(2D0 − C0)
γ
At first sight this exponential solution might seem to be
a cause for concern, as we would normally expect the
9growth of Φ or δM on small scales to follow power-law
behaviour. The unusual solution above has arisen be-
cause the modifications in eqns.(29) introduce factors of
k that dominate over the usual GR terms on small scales.
In the toy model considered here we took the MGFs to
be dimensionless functions of order one; without such as-
sumptions it is difficult to make any general statements
about the growth of perturbations, because we do not
know how to assess the relative importance of two fac-
tors such as J0 and 3k/H. Of course, if we know the
specific functional forms hidden behind the MGFs then
such assumptions are not necessary, but then we would
not be pursuing a model-independent approach.
A more realistic situation would be to take the MGFs
to be much smaller in magnitude than the GR terms.
However, our intention here is to assess qualitatively the
effects that parameterized systems of modifications to
gravity have on the growth of structure - a task which
becomes difficult when the parameters are taken to be
vanishingly small. We will therefore maintain the sim-
ple assumptions described above, remembering that in
a more realistic model the effects described here would
only be manifest as small distortions of a predominantly
GR-controlled universe.
Alternatively, we could turn this problem on its head.
One reason theories with additional d.o.f. are difficult
to work with is because we lose the ability to derive a
hierarchy of constraint equations between the MGFs, as
we did in the purely metric case (these arise from the
Bianchi identities – see appendix B). Can we use the
growth of Φ(x) to infer some replacement constraints?
To clarify, we wish to restore power-law behaviour
for Φ(x). By expanding eqn.(31) in powers of k/H we
can find the conditions necessary to remove the domi-
nant terms that are causing the exponential solution of
eqn.(35). We find these to be:
2D0 − C0 = 0, 2D1 − C1 = 0, 2K0 − J0 = 0 (35)
If the above conditions are satisfied on small scales then
eqn.(31) reduces to:
Φ¨ +HΦ˙
[
1−D0 + 12
γ
]
+
H2
2
Φ (1−D0)
[
6
γ
− 1
]
= 0
(36)
The solutions are then power laws in a (or η), as desired:
Φ(a) = Pa
q+
2 +Qa
q−
2
q± = D0 − 12
γ
− 1
2
±
(
D20 − 3D0 −
12D0
γ
+
144
γ2
+
9
4
) 1
2
(37)
In appendix C we convert this solution for Φ(a) into a
solution for δM and δE . Here we shall simply state the
results:
δM (a) = Pk
2 (D0 − 1)
(q+ + 2)(q+ + 3)
a
q+
2 +1 (38)
δE(a) =
Pk2
6ΩE
[
6(1−D0)(1− ΩE)
(q+ + 2)(q+ + 3)
− 1
µP
]
a
q+
2 +1 (39)
In the GR limit ΩE → 0, D0 → 0 (which sends q+ → 0)
we recover that δM scales with a.
It is interesting to see that the conditions in eqn.(35)
are satisfied in parameterization A of §II in the limit
k →∞ (the last condition trivially so). The same is true
in parameterization B, where D1 = 0. If one wished to
implement this gravitational framework into a realistic
cosmological model, without necessarily taking the ab-
solute magnitude of the MGFs to be very small, then
these are the constraints that must be satisfied to give
a reasonable degree of structure formation. Of course,
this does not prevent the model from being ruled out
by other observables such as the ISW effect. Having re-
stored power-law growth, the effects of this theory on
the ISW effect and growth function are expected to be
qualitatively similar to those in §III D.
B. Superhorizon scales
On superhorizon scales eqn.(31) simplifies to:
Φ¨ +
kΦ˙
K1
(
K0 − D1
3
)
(40)
− k
2Φ
18K1
[
(J1 − 12)(D0 − 1) +K1 (2− C0)
]
= 0
This can be reduced to an oscillator equation in kη, in
complete analogy to the subhorizon case. However, in
the superhorizon limit k → ∞ these oscillations become
infinitely slow in kη; effectively, we have that Φ is a con-
stant. This matches the GR and metric-only cases.
V. CONSERVED SUPERHORIZON
PERTURBATIONS?
Any relativistic theory of gravity in which energy-
momentum is covariantly conserved allows the definition
of a perturbation, Z, that is conserved on superhorizon
scales in the absence of non-adiabatic perturbations [63–
65]. In the literature Z is more commonly denoted as ζ,
but the choice of notation for one of the MGFs in this
paper and previous work prevents us from reusing that
letter. Z is identified with the curvature perturbation
on uniform-expansion hypersurfaces in a homogeneous
and isotropic spacetime, which in GR coincide with hy-
persurfaces of constant energy density. For zeroth-order
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Einstein equations of the form:
H2 = a
2
3
f0
H˙ − H2 = −a
2
2
g0 (41)
the conserved perturbation is [64]:
Z = −Φ− H
f˙0
δf (42)
It would be interesting to know how Z behaves in the
metric theories considered in §III. Since the new non-GR
terms do not really originate from perturbations to a
fluid, it is not immediately obvious whether they will
be equivalent to adiabatic or non-adiabatic pressure
perturbations. Therefore the conservation of Z does not
necessarily follow.
Using the linearly perturbed versions of eqns.(41), one
can derive an equation for the evolution of the metric
potentials [64]:
Φ¨ +
3HH˙ − H¨ −H3
H˙ − H2 Φ˙ +HΨ˙ +
2H˙2 −HH¨
H˙ −H2 Ψ =
a2
2
δgnad
(43)
where the perturbation δg has been decomposed into
parts equivalent to adiabatic and non-adiabatic pressure
perturbations:
δg =
g˙0
f˙0
δf + δgnad (44)
The time derivative of Z is related to the quantity on the
LHS of eqn.(43). Hence the rate of change of Z is found
to be:
Z˙ = HH˙ −H2
a2
2
δgnad (45)
Comparing eqns.(28) and (41) and defining U00 = X,
Uii = Y we can read off:
f0 = κρM +X
g0 = κ(ρM + PM ) +X + Y (46)
Rearranging eq.(44) and substituting in our expressions
for f and g, one finds:
δgnad =
κρ˙M X˙
κρ˙M + X˙
(
c2(M)s − c2(X)s
)
ΓρMX + κδPnad + δYnad
(47)
where
ΓρMX =
δρM
ρ˙M
− δX
X˙
c2(M)s =
P˙M
ρ˙M
c2(X)s =
Y˙
X˙
The perturbations δPM and δY have been decomposed in
a manner analogous to eq.(44). ΓρMX represents a pos-
sible entropy perturbation between CDM and the modi-
fied sector, which can be non-zero even if each component
does not support entropy perturbations by itself. Pertur-
bations of the background quantitiesX and Y correspond
to components of the tensor Uµν : a
2δX = −a2δU00 and
a2δY = a2δU ii /3. Then the effective non-adiabatic pres-
sure perturbation of the modified sector is:
δYnad = δY − c2(X)s δX =
δU ii
3
+ c2(X)s δU
0
0 (48)
Our toy model of an EdS universe contains only cold dark
matter, so δPM = δPnad = c
2(M)
s = 0.
A. Metric-Only Theories
For a purely metric theory with a ΛCDM-like back-
ground X and Y are zero or equivalent to a cosmological
constant (i.e. X + Y = 0), so there can be no entropy
perturbations between CDM and the modifications (since
c
2(X)
s = 0). The only possible source for non-conservation
of Z would be from non-adiabatic perturbations within
the modified sector itself, δYnad. Eqn.(45) becomes:
Z˙ = H
2(H˙ − H2)
a2δU ii
3
=
H
6(H˙ − H2)
(
k2C0Φ + kC1Φ˙
)
(49)
Non-adiabatic perturbations within the modified sector
would amount to fluctuations about ωE = −1, which
could lead to a situation equivalent to a phantom field.
Whilst a phantom equation of state is permitted by cur-
rent data [66–68], direct phantom scalar field models are
plagued by severe difficulties because they lead to an un-
stable vacuum state [69] and favour an anisotropic uni-
verse [70]. However, it is known that theories such as
scalar-tensor gravity, f(R) gravity and some Lorentz-
violating models can cause phases of an effective ωE < −1
without introducing a phantom field per se [71–75].
Fortunately the question of whether non-adiabatic per-
turbations lead to ωE < −1 turns out to be a moot point
for the theories considered in §II and §III. This is be-
cause the effective pressure perturbation in eqn.(48) van-
ishes on very large scales. The functions C0 and C1 are
related to µP and ζ by a set of constraint equations, dis-
played in appendix B. There we also show that under the
assumptions mades in this paper limk→0
(
k2C0
)
= 0 and
limk→0 (kC1) = 0 in both of the parameterizations de-
scribed in §II . These results agree with the conclusions
of [39].
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B. Theories with Additional Degrees of Freedom
For theories with extra scalar degrees of freedom the
situation is different. Firstly, the final term in δYnad
does not vanish, as the modifications to the background
equations lead to c
2(X)
s 6= 0. Secondly, we cannot derive a
system of constraint equations on the functions A0 . . .K1
like those in Table I, because the new scalar now acts
as a source in the Bianchi identities (see appendix B for
details). Thirdly, we can now have entropy perturbations
between matter and the modified sector, as the coefficient
of ΓρMX in eqn.(47) no longer vanishes.
Maintaining the approach of §IV, we keep the metric
components of δUµν distinct, but treat the perturbations
of the new d.o.f. as an effective fluid. We previously
set the equation of state of this effective fluid to zero
in order to preserve the EdS nature of our toy model;
let us restore the general case for the present. The full
expression for Z˙ then becomes:
Z˙ = H
2
(
H˙ − H2
)[ κ ˙ρM X˙
κρ˙M + X˙
c2(X)s
(
a2δM
3H +
κa2ρEδE
X˙
)
+ κa2ρE
(
ΠE − c2(X)s δE
)
+k2Φ
(
1
3
C0 −A0 c2(X)s
X˙
κρ˙M + X˙
)
+ k2Γ
(
1
3
J0 − F0 c2(X)s
X˙
κρ˙M + X˙
)
+
1
3
k
(
C1Φ˙ + J1Γ˙
)]
(50)
If the MGFs do not contain inverse powers of k then
the second line vanishes on very large scales, leaving only
perturbations to the effective fluid (although a similar as-
sumption was used in §IV to make an analytic solution
achievable, it does not necessarily have to hold true for
all theories). The first set of round brackets represents
entropy perturbations between CDM and the modified
sector, and the second term is akin to non-adiabatic per-
turbations within the modified sector itself. However,
note that c
2(X)
s is not necessarily equal to the sound
speed of the effective fluid, since X and Y may con-
tain terms constructed from the metric. This feature
distinguishes a dark energy model like quintessence from
a modified gravity model such as a scalar-tensor gravity.
In the latter the scalar field is non-trivially coupled to
the metric and hence X and Y contain more terms than
just the energy density and pressure of a scalar field. A
quintessence-like case can be recovered from the above
expression by setting the MGFs to zero and X = κρE ,
Y = κPE , which gives:
Z˙ = − H(
H˙ − H2
) a2
2
[
ρE(1 + ωE) c
2(E)
s ΓM,E
1 + (1 + ωE)
ΩE
ΩM
+ κ δPE,nad
]
(51)
where
ΓM,E = δM − δE
1 + ωE
(52)
If the quintessence field supports only adiabatic pertur-
bations (δPE,nad = 0) then ΓM,E can be set to zero
through choice of adiabatic initial conditions, leaving Z
conserved.
As a second example, consider the theory treated in
§IV in which the effective fluid was assumed to be pres-
sureless. Eqn.(50) reduces to:
Z˙ = − H(
H˙ − H2
) κa2
2
X˙(
κρ˙M + X˙
) c2(X)s [ρMδM + ρEδE ]
(53)
The square brackets can be set to zero at through a choice
of isocurvature initial conditions, so Z˙ remains conserved
if ωE is constant. However, as one wishes the effects of
modified gravity to become apparent at late times in the
universe an evolving ωE would be more desirable, for
which Z˙ would not be conserved.
VI. CONCLUSIONS
Awareness of a forthcoming ‘data deluge’ from cur-
rent and future cosmological experiments has led to an
interest in model-independent approaches to constrain-
ing modified gravity. By exploiting the generic features
of current models, these parameterized systems seek to
constrain large regions of theory space simultaneously.
Whilst there has been much effort made to constrain
these parameterizations with the data [25, 26, 76], there
has been relatively little investigation into the corre-
sponding theoretical description: how does the param-
eterized system of perturbation equations evolve? (Al-
though see [21]; general scalar field-type models are
treated in [19, 77, 78]).
We have attempted to answer this question within the
simplified setting of an Einstein-de Sitter universe, for
two classes of theories: 1) those for which the degrees
of freedom are the metric and matter perturbations, and
2) theories which explicitly introduce additional scalar
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degrees of freedom. In both cases we have found that
the curvature perturbation remains constant on the very
largest scales (well above our observable horizon).
On subhorizon scales we found that in the metric-only
case perturbations grow in familiar power-law fashion,
but the exponents are modified from their General Rel-
ativistic values. The two modified gravity functions µP
(controlling the effective Newton’s constant) and ζ (con-
trolling the dominant component of the gravitational
slip) are partially degenerate in their effects, making
them difficult to disentangle. The impact of ζ becomes
subdominant if the effective Newton’s constant is weak-
ened. Modifications to the evolution of Φ lead to an
induced ISW effect and modification to the growth rate,
f(z).
Theories with additional scalar degrees of freedom are
considerably harder to study, as the number of undeter-
mined functions is much larger in this case. In §IV we
considered phases during which the new terms in the Ein-
stein equations behave as an effective fluid with a negligi-
ble equation of state. We found that the modified terms
dominate the evolution equations, leading to damped os-
cillatory or exponential behaviour. From a study of these
equations we have found three relations (eqns.(35)) be-
tween the modified terms that, if satisfied, will restore
power-law behaviour. This analysis does not apply to all
modified gravity theories (when ωE is not small), but it is
relevant to (for example) EdS regimes of linear Einstein-
Aether theory, EBI gravity and Horˇava-Lifshitz gravity.
Constraint equations such as this are desirable be-
cause the number of free functions required to param-
eterize common gravitational theories increases rapidly
when new degrees of freedom are included. This prolifer-
ation could reduce our ability to constrain such param-
eterized frameworks satisfactorily. One can reduce this
freedom somewhat by treating the new scalar degrees of
freedom as an effective fluid; indeed this (or an equivalent
approach) is necessary if the parameterization is to cap-
ture theories which introduce more than two new scalar
degrees of freedom. The metric perturbations are also a
considerable source of freedom, as displayed in eqns.(29).
This splitting of the modifications into metric parts and
effective fluid parts is the key to distinguishing between
closely related models of dark energy and modified grav-
ity, such as quintessence and scalar-tensor theories.
Under the assumptions made in this paper the met-
ric terms become irrelevant on ultra-large scales. In a
metric-only theory this leaves the superhorizon pertur-
bations Z (more commonly denoted by by ζ) conserved,
but in class 2) theories the possible non-conservation of
Z depends on the equation of state of the effective fluid.
The EdS model considered in this paper is useful in
obtaining a qualitative understanding of how parame-
terized gravity might effect the matter-dominated phase
of our universe. To obtain more quantitive predictions
this must be embedded in a more complex cosmological
model, which is likely to be achievable only numerically.
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Appendix A: System of Equations for Theories with
Extra D.o.F.
This appendix displays the system of six equations that
is solved in §IV. These are: the two spatial components
of the Einstein equation (longitudinal and transverse tr-
acless), the fluid conservation equations for cold dark
matter (the two components of δ (∇µTµν ) = 0) and the
two Bianchi identities δ (∇µUµν ) = 0. The non-standard
terms containing MGFs arise from the parameterization
laid out in eqns.(28) and (29), which treats the additional
scalar degrees of freedom as a pressureless fluid (denoted
by a subscript E). This reduces to parameterization A
used in §III for purely metric theories.
The variable Ψ in these equations can be eliminated in
favour of Γ using the definition Γ = (Φ˙ +HΨ)/k.
6kΓ˙ + 12HkΓ + 2k2 (Φ−Ψ) + 6(H˙ − H2)Ψ = C0k2Φ + C1kΦ˙ + J0k2Γ + J1kΓ˙ (A1)
Φ−Ψ = D0Φ + D1
k
Φ˙ +K0Γ +
K1
k
Γ˙ (A2)
δ˙M = −k2θM + 3Φ˙ (A3)
θ˙M = −HθM + Ψ (A4)
κa2ρE δ˙E = κa
2ρE
(
−k2θE + 3Φ˙
)
− k2Φ (HA0 + kB0 +HC0) + kΦ˙ (kA0 +HC1) + k2Γ (HF0 + kI0 +HJ0)
+kΓ˙ (kF0 +HJ1) (A5)
κa2ρE θ˙E = κa
2ρE (−HθE + Ψ)− k2Φ
(
2
H
k
B0 − 1
3
C0 +
2
3
D0
)
− kΦ˙
(
B0 − 1
3
C1 +
2
3
D1
)
−k2Γ
(
2
H
k
I0 − 1
3
J0 +
2
3
K0
)
− kΓ˙
(
I0 − 1
3
J1 +
2
3
K1
)
(A6)
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Constraint equation
1 A˙0 +HA0 + kB0 +HC0 = 0
2 A0 +HkC1 = 0
3 B˙0 + 2HB0 − 13kC0 + 23kD0 = 0
4 B0 − 13C1 + 23D1 = 0
TABLE I: Constraint equations for a metric theory in param-
eterization A, specified by eqns.(B1).
Appendix B: Conservation of Z in Metric-Only
Theories
In this appendix we demonstrate that any effective
non-adiabatic perturbations that might prevent Z from
being conserved vanish on large scales for the metric-
only theories considered in §II and §III . First we must
introduce some more detail about the parameterization
underlying eqns.(4) and (5).
Consider a modified Einstein equation of the form (28).
In [22] we demonstrated that in parameterization A (in
which µs = µP ) a theory containing up to second-order
time derivatives corresponds to the following forms for
the components of δUµν (see eqns.(30) for definitions of
quantities on the left-hand side):
U∆ = A0k
2Φˆ
UΘ = B0kΦˆ
UP = C0k
2Φˆ + C1k
˙ˆ
Φ
UΣ = D0Φˆ +
D1
k
˙ˆ
Φ (B1)
where the coefficients A0, . . . D1 are functions of back-
ground quantities, dependencies which we will suppress
to avoid cluttered expressions. Φˆ is a gauge-invariant
perturbation variable, equivalent to the Bardeen variable
−ΨH , which reduces to Φ in the conformal Newtonian
gauge.
The two components of δ (∇µUµν ) = 0 result in equa-
tions containing Φ and its derivatives. To avoid contra-
dicting the solution for Φ dictated by the Einstein equa-
tions these expressions must vanish identically. Setting
the coefficients of each metric perturbation to zero leads
to the four constraint equations listed in Table I. This
enables us to reduce the six free functions in eqns.(B1)
to just two. Note that terms in Ψˆ (equivalent to the
Bardeen variable ΦA ) are not permitted to appear in δU
0
0
and δU0i , because they contain second-order time deriva-
tives, which would lead to third-order Bianchi identities.
Constraint equations similar to those in Table I prevents
Ψˆ from featuring in δU ii and δU
i
j if it is not present in
δU00 and δU
0
i .
We will choose one of our free functions to be D0 –
this corresponds to ζ in eqn.(5). The second free function
will be the combination that appears when we form the
Constraint equation
1 A˙0 +HA0 + kB0 +HC0 = 0
2 A˙1 +HA1 + kA0 + kB1 +HC1 = 0
3 kA1 +HC2 = 0
4 B˙0 + 2HB0 − 13kC0 + 23kD0 = 0
5 B˙1 + 2HB1 + kB0 − 13kC1 = 0
6 B1 − 13C2 = 0
TABLE II: Table of the constraint equations for a metric the-
ory in parameterization B, specified by eqns.(B4).
Poisson equation:
µP =
1
1 + 12 (A0 + 3HkB0)
(B2)
where Hk = H/k. In terms of these two MGFs the other
coefficient functions are:
A0 = −2
(
µP − 1
µP
)(
1 +
H2
Q
)
+ 2ζ
H2
Q
B0 =
2Hk
(
(µP−1)
µP
− ζ
)
3Q
C0 =
2
Q
(
(µP − 1)
µP
− ζ
)(
H˙ − H Q˙
Q
+ 2H2
)
+ 2ζ
=
4
3
(
(µP − 1)
µP
− ζ
) ( 5
2 +
1
3H2k
)
(
1 + 2
9H2k
)2 + 2ζ
C1 =
2
Hk
(
µP − 1
µP
)(
1 +
H2
Q
)
− 2Hk
Q
ζ
D1 =
1
Hk
(
µP − 1
µP
)
where Q = H2 + k
2
3
− H˙. (B3)
The second expression for C0 applies only in an EdS
universe. From eqn.(49) we see that the quantity of
interest for evaluating Z˙ is δU ii . In fact we only need to
know C0, since we showed in §III B that the potential is
constant on large scales. Under the assumption that µP
and ζ do not contain inverse powers of k, eqns.(B1) and
(B3) imply that limk→0 δU ii = 0. Hence Z is conserved
on superhorizon scales in parameterization A.
We can repeat this calculation for parameterization B,
in which µs = 1 but µP remains a free function. This
corresponds to a δUµν tensor of the following form (see
[22]):
U∆ = A0k
2Φˆ +A1k
˙ˆ
Φ
UΘ = B0kΦˆ +B1
˙ˆ
Φ
UP = C0k
2Φˆ + C1k
˙ˆ
Φ + C2
¨ˆ
Φ
UΣ = D0Φˆ (B4)
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The constraint equations for this theory are listed in Ta-
ble II. In terms of the MGFs µP and ζ the coefficients
are:
A0 = −2
(
µP − 1
µP
)(
1 +
H2
Q
)
+ 2
H2
Q
ζ
A1 =
−6Hk
1 + 3H2k
(
µP − 1
µP
)
B0 =
2Hk
(
(µP−1)
µP
− ζ
)
3Q
B1 =
2
(1 + 3H2k)
(
µP − 1
µP
)
C0 =
2
Q
(
(µP − 1)
µP
− ζ
)(
H˙ − H Q˙
Q
+ 2H2
)
+ 2ζ
=
2
Q
(
(µP − 1)
µP
− ζ
)(
3
2
H2 −H Q˙
Q
)
+ 2ζ
C1 =
2Hk
Q
(
(µP − 1)
µP
− ζ
)
+4Hk
(
(µP − 1)
µP
) (Q+ 23H˙)(
Q+ H˙
)2
=
2Hk
Q
(
(µP − 1)
µP
− ζ
)
+4Hk
(
(µP − 1)
µP
) (
Q− 13H2
)(
Q− 12H2
)2
C2 =
6
(1 + 3H2k)
(
µP − 1
µP
)
(B5)
As we found for the parameterization A case,
limk→0 δU ii = 0. Hence Z is conserved in parameteri-
zation B also.
Appendix C: δM and δE in Theories with Extra
D.o.F.
We wish to connect the subhorizon solution for Φ in
eqn.(37) to the density perturbations of CDM and the
effective fluid. First we cast eqns.(A1) and (A2) in di-
mensionless format by using the substitution x = kη (and
correspondingly H = 2/x, H˙ = −2/x2). We also apply
the conditions necessary for power-law growth, given in
eqns.(35). The spatial components of the Einstein equa-
tions become (where primes denote derivatives with re-
spect to x):
Γ′(6− J1) + Γ
(
6
x
− x− 2K0
)
+ Φ′
(
18
x
+ x− 2D1
)
+ 2Φ(1−D0) = 0
Γ′K1 + Γ
(
K0 +
x
2
)
+ Φ′
(
D1 − x
2
)
− Φ(1−D0) = 0
Eliminating Γ′ from these:
Φ′
[
18
x
+
γ
K1
(x
2
− 1
)]
+ Φ
γ
K1
(1−D0) (C1)
+ Γ
[
6
x
− γ
K1
(x
2
+ 1
)]
= 0
where γ = 6−J1 +2K1. Keeping only the growing mode,
we write the solution for Φ as:
Φ(x) = R(k)xq (C2)
We have absorbed the k-dependence into the prefactor,
R(k) = P/kq where P is a constant (see eqn.(37)), and
dropped the superscript + on q to avoid cluttered expres-
sions.
Taking the subhorizon limit x→∞, eqn.(C1) gives us
the following solution for Γ:
Γ(x) = 2R(k)
(q
2
+ 1−D0
)
xq−1 (C3)
Next we recast the fluid conservation equations for CDM
in dimensionless format and combine them in a manner
analogous to eqns.(6)-(9), yielding:
δ′′M +
2
x
δ′M = 3Φ
′′ + Φ′
(
6
x
+
x
2
)
− x
2
Γ (C4)
This has the solution:
δM (x) = c1 +
c2
x
+R(k)xq
[
(D0 − 1)x2
(q + 2)(q + 3)
+ 3
]
(C5)
where c1 and c2 are integration constants. This solu-
tion has the desired behaviour that when we set D0 = 0
(which sets q = 0, see eqn.(37)) we recover that δM grows
as δM ∝ x2 ∝ a, as occurs in GR-controlled matter-
dominated epoch. Finally we use the (dimensionless)
Poisson equation to relate the solutions for Φ(x) and
δM (x) to δE(x):
−2Φ = 12µP
x2
(ΩMδM + ΩEδE) + ΓµP
(
F0 +
6
x
I0
)
(C6)
In our toy EdS universe, containing only CDM and the
effective fluid, ΩM and ΩE are constants. Retaining just
the dominant growing modes for both δM (x) and δE(x),
the above equation gives us the result:
δE(x) =
R(k)
6ΩE
[
6(1−D0)(1− ΩE)
(q + 2)(q + 3)
− 1
µP
]
xq+2 (C7)
As expected, δM (x) and δE(x) grow at the same rate.
Note that, as in GR, their evolution differs from that of
Φ(x) by a single factor of a.
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